1 Supplemental Appendix

This appendix contains the proof of Proposition 3 and omitted proofs for the

goods auction.

Proof of Proposition 3: By the Revelation Principle, for any mechanism
and BNE of the mechanism, there is an equivalent direct mechanism with
truthtelling as a BNE. Hence it is without loss of generality to take & to be
a direct mechanism.

Let me(z) be the expected payment of a bidder who reports value = when
all the other bidders report their values truthfully. Since the bidders with the
K highest reports win an item, the expected payoff of a bidder with value z

who reports 7 is

N N—1), A~ N
w(d,x) = Hy 2 (&)r — me(#),

where H{'D(2) = Pr(Z\"})) < &) is the probability that the N — K-th

lowest of N — 1 values is less than z.

Differentiating 7 (&, x) with respect to & yields

dr (%, x) 1) . N
—5 - (@) — me(Z).

Since truthtelling is a BNE then
mg(r) = WY (x)x for all z € [0, 7).

By the Fundamental Theorem of Calculus we have

me(z) = me(0) + /0 ’ th =2 (1)t

Since the mechanism is budget balanced, the ex-ante expected payment

of a bidder is zero, i.e.,

/Ow me () f(z)dz = me(0) + /Om {/: th%v_‘;)(t)dt] Flz)dz = 0.
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The double integral above is

N/ [/ (N-K —Ai') (K — 1)!F(t)N_K_1[1 — FO) 1 f()dt| f(z)d.

Reversing the order of integration and factoring out K yields
K
F(t)" 1= F@)] t)dwdt
// (N — K—l)'K' (t) [ (t)] f(z) f(t)dz

- e PO = O (a

K
= LBz

Hence

K
me(0) = —B[Zy2,).

Thus the expected payoff to a bidder with value x is

HY D @) = melo) = YD @)o — (B2 + [ D).

Integrating the RHS by parts, we have

N— N
H @) = me(a) = TEZW) + [ HOS 00
which establishes the result. [

Proof of Proposition 1': Let 8 = (5,,...,8y_§) be a symmetric equi-
librium in increasing and differentiable strategies. For each t < N — K, let
7¢(Z,z|zs—1) be the expected payoff to a bidder with value z who in round
t deviates from equilibrium and bids as though his value is & (i.e., he bids
B,(Z|z¢—1)), when z;_; is the profile of values of the ¢ — 1 bidders to drop so

far. In this case we will sometimes say the bidder “bids z”. Let
I (z|zs1) = me(, 2|24 1)

be the bidder’s equilibrium payoff in round t¢.



(a) For each z; 1:

(a.i) B, satisfies the differential equation given in Proposition 1°(i).

(adi) if # > 21 then = € argmax; m(%,x|z,—1), i.e., it is optimal
for each bidder to follow (3, in round ¢; if z < 2, then 2z, €

arg max; m (%, T|z_1).

(b) For each z;_;:
dHt($|Zt_1)

> 0.
dx 20

We prove by induction that the claim is true for each t € {1,..., N — K},
thereby establishing Proposition 1. Note that since equilibrium is in increas-
ing strategies, at any round ¢ the sequence of dropout prices (p1,...,pi1)
reveals the t — 1 lowest values z; 1 = (21,...,211).

Let zy_g_1 be arbitrary and consider an active bidder whose value is x
but who bids as though it is & > zy_x_1. There are two cases to consider:

(1) T > ZN_K-1 and (11) T < ZN—K-1-

Case (1) T > zZn_k—1. With a bid of & > ZN_K—1, if z > ZN_k then
a rival bidder drops out first at the price y_x(2n_k|ZN_K_1), the bidder

wins an item, and he receives compensation of

1 N—K—1
T — d (5N_K(ZNK|ZNK1) + Z pi) .

=1
If £ < zy_k then the bidder drops before any rival and he obtains compen-

sation fy_x(Z|zy_k_1). Hence ny_g(Z,z|zy_x_1) =

%ﬁb

u(x - % (BN—K(ZN—K|ZN—K—1) + Z?SKApz‘>)hg\]fv__;?(ZN—K|ZN—K—1)dZ’N—K
ZN —

+

S

-1

w(By—xe(Elzn—re—1)) A (en—k|2n—r—1)dzn—x.
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Differentiating with respect to Z yields Onn_k (%, z|zy_Kk_1)/0% =

U (By_ i (@lzn—k-1))By_rc (Elzn—x1) (1 — Hy ) (@len-x-1)) (1)

_U(BN—K(f|ZN—K—1))h§\]fV__I? (Z|2N_K_1)

1 N-K-1
+u (x—g(ﬁN_K(f!ZNK D+ > > Nk (@lan k1)

=1

A necessary condition for /3 to be an equilibrium is that O y_ (%, ¢|Zy_x 1)/0%|3=0 =

0, i.e.,

U (By_g(@lzn-k-1)) BN g (T|ZN-K-1)
— |w(Bx—xe(alan—x1) = u (v = (EBx_x(alan—x1) + S p) ) Nk (@),
(2)
where
Py x lovrcr) _ KI@ o)
1- B D(alay ) 1-Fl@) 4

Alternatively, since types can be inferred from dropout prices, we can write

the necessary condition as

' (B (@ PN-K-1))BN_k (T PN-K-1)
— [u(By—x(@lpr—xc1) = uz = E By s (@lon—se1) + 5 )| Ik (@)

which establishes (a.i) for t = N — K.
The necessary condition holds for all z and, in particular, it holds for

r =z, ie.,

U (By_k(E|zN-K-1))BN-k (E]ZN-K-1)
= [u(Byx(lan—x1) = u (3 = £ By_x(ilan—x1) + S p) ) I« (2)
(3)

Substituting (3) into (1) and simplifying yields

Orin_w(@ tlayr) | (o= 2By _x(@lzvr) + S5 p)

5 (5 £y lilayi) + 5055 p)
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Clearly, Ony_k(Z,x|z2N_K_1)/0%|3=. = 0. Moreover, for & > zy_x_1 we

have
N-K-1

827TNJ((Q?% T|ZN_K_1) 1 .
040 = m_?<ﬁN7K($‘ZN7K 1) + ; i) N K (x’ZN Kk-1) >0,

where the inequality holds since u' > 0 and h%{}? (Z|znv—k—1) > 0. Hence, if
x > zy_g-1 then z € argmax; my_g(Z, z|zZy_k—1) by Lemma 0 of McAfee
(1992).

Case (ii): « < zy_g_1. It is clearly never optimal for a bidder to bid as
though his type is less than zy_ g1, i.e., bid less than 8 _ ;- (2v_k—1|ZN-K 1),
since he receives more compensation with a bid of Sy_x(z2n_k_1|ZN_K_1)-
(For either bid he drops out for sure since the other bidders have values above
ZN—K—1~)

For & > zy_xk_1 we have

02 —u (@ = £ By @lzyr) + S )
and thus zy_g 1 € argmax; Ty_g(Z,z|zZy_x_1). Hence (a.i) is true for
t=N—K.

To prove (b), note that dlly_k(x|zy_x_1)/dz is

37TN—K(53, 5U|ZN—K—1)

OrN_k(T,x|ZN_K— u 33——(5N k(Z|ZN_r— 1)+ZN = lpz’)
e 2l ) ( ) D o) <0

i 6)7TN—K(§3,fiC|ZN—K—1)

0T - ox .
’ 1 N-K-1
= / u' (m_g(ﬁNK(ZN—IdZN—K 1) + Z Pz) N— K (2nv—k|2n—K-1)dzN_K
IN-K-1 =1
> 0,
where the second equality holds since Ony_g(Z,z|zy_k_1)/0%|;=. = O.

Hence (b) holds for t = N — K.

Assume the claim is true for rounds ¢ + 1 through N — 1. We show it
is true for round t. Let z;_; be arbitrary. If x < z,_; then, by the same

argument as before, z;,_1 € arg max; (%, x|z, 1).
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Suppose x > z;_1. Consider an active bidder in the ¢-th round whose value
is x and who bids as though his value is £ > z;,_;. We need to distinguish
between two cases: (i) & € [2_1,2| and (ii) £ > z, since his payoff function
differs in each case. In what follows, we denote the payoff to a bid of Z as
(2, 2|z 1) if & € [20_1, 2] and as 7 (2, z|z_y) if & > 2.

Case (i): Suppose & € [z_1,x]. If z; € [2,1,2] the bidder continues to
round ¢ + 1 where, by the induction hypothesis, he optimally bids x and he
has an expected payoff of Iy, (x|z;_1, 2). If z; > & he receives compensation

of 5,(#|z;—1). Hence his payoff is

WL(CU |z 1) fzt 1Ht+1( |z 1,Zt)h(N_1)(Zt|Zt—1)dZt

[T (By(#]2e-1)) BV (2] 21)

Differentiating with respect to & yields ok (%, z|z;_1)/0% =

My (2]2e1, 8)0N (&) 221) — u (B2 |ze—1)) BV (2]20-1)
! (B (E|2e-)) By (elze—r) (1 — HY ™V (@]21)).
Since

Mps1(2|z-1, 2) = u(Bypq (2|2e-1, 7)),

and (N-1)
he(

l"Z’til) _ _ ﬂ: N x
1 - HY D(2lz) W =012 F(x) )

the necessary condition for equilibrium that drl(%, x|z, 1)/0%|3= > 0 can

be written as

u' (By(x|z-1)) Bi(]2Ze-1) (4)
> [u(By(w]z)) = w(Byir (2l2e—1, 2)) N (2).

Also, for & € [z_1,x] we have

0*rk(, x|z d ) o
éxaﬂl = 1) = %Ht+l(x|ztfl7x)h§]v 1)(.T|Zt,1) Z 0’




where the inequality follows since (b) is true for round ¢+ 1 by the induction
hypothesis.

Case (ii): Suppose & > z. If z; € [z_1,2], then the bidder contin-
ues to round ¢ 4+ 1 and, by the induction hypothesis, he bids  and obtains
y1(z|2e—1, 2¢). If 2, € [z, 2], then he continues to round ¢+ 1 and, by the in-
duction hypothesis, he bids z; and receives compensation of 3, (z|z—1, 2:).
If 2z, > & then in round ¢ he receives compensation of ,(Z|z;—1). His payoff

at round ¢ is therefore

Wﬁ(iﬂ’ﬂzt—l) = f,: IHt+1( |Zt 17Zt)h(N_1)(Zt|Zt 1)dzt
+f 6t+1 (2t|ze— 1;Zt))h( a (zt|zt 1)dzy,
+f (B(2]z— 1))h(N7 (2| 2e-1)d 2.
Differentiating with respect to z yields

orl (%, x|z_1)

o u(Bria @z, )V () = (By(@lz) bV ()

! (B(|2e-1)) By(E|2e—1) (1 — HNV(@]2000)).

A necessary condition for equilibrium is that o (%, z|z;_1)/0%|3=, < 0, i.e.,
u' (By(x]2e-1)) By(2|2e-1) (5)
< [u(By(x]2z1-1)) = (B ()21, )AL (2).
Equations (4) and (5) imply that
U (B(@]2e-1)) By (x|Ze-1) (6)
= [w(By(x|2e-1)) = ulBpir (z]2e-1, )N ().

Since the bid functions are increasing, we can replace z; 1 with p;_; and
replace (3, (x|2z;—1, x) with 8, (x; pi—1, B, (z; Pi—1)), writing the first order
condition as

u (Bi(z; pi-1)) 5;(% Pi-1)
= [u(By(w;pi1)) = w(Byga (#5911, By (25 90-1) )N (),

7



which establishes (a.i) for round t.

Equation (6) holds for all z and, in particular, it holds for z = 7, i.e.,

u' (B,(2]Z¢-1)) B;(j|zt—1)
= [u(Bi(#]z1-1)) — (B (Elzr-1, )N (2).

Substituting this expression into the expression for Or! (%, z|z;_1) /0% yields

=0forz>2xa
0% -
Furthermore,
0Pl (%, x|z 1)
! =0forz > x.
0x0x o
We have shown that
8ﬁf(f,$|zt,1) o aﬂtH(ia ZL’|Zt71> =0
oz =1 B O T=x a
and
82 L A’ _ 82 H(z _
WG TY > 0 for & € (21, 2] and T (2 2lz-1) >0 for & > .

0z0x 0z0z -

Hence (a.ii) is true for round ¢ by Van Essen and Wooders’ (2016) extension

of McAfee’s (1992) Lemma 0.
To establish (b) is true for round ¢, observe that

Ht(.il')|Zt_1) = / Ht+1(x|zt_1, Zt)hEN_l)(ZAZt_l)dzt
21

* / " (Bulalze) YD ()

Differentiating and simplifying yields

dIl _ d _

M = d—Ht+1($|Zt71, Zt)h§N 1)<Zt|zt71)dzt >0,
x

1

dx

Zt—



where the equality follows from I, (x|2;—1, 2) = u(5,,,(z|2,—1,x)) and (6),
and the inequality follows since dIl;,(z|z;1,2;)/dx > 0 by the induction
hypothesis. [

Proof of Proposition 2.2: The proof is by induction. By Proposition 1(i),

at round N — K the differential equation for the equilibrium bid function is

K+1 1 =N-K-1
- slolbn-s) = | o lalpvs) + 1 0 = o] Wt

Multiplying both sides by 1 — F'(z) we obtain

B slalpxoeon) (= Fla) = (K0 lalpwr) o) = | S0 o] 170

ie.,

dix (5N—K($|pN—K—1) (1- F(@)KH) - {% Zi:K_lpi - x} Kf(z)(1- F(x))K

By the Fundamental Theorem of Calculus we have

B (el (1= P@)™ = = [ o= S0 K p6) (1= F(s)* dsc

The LHS of this equation is zero when = = Z (since F(Z) = 1), which implies

O=|lb-% Yo pIEf(s) (1 - F(s))" ds.
Since
’ (1—F(s)" (V) [ (M) (V)
s(K+1 sYds =F | Zx | Zyx " >0 > LN 1],
[ s S s = B [ A 0 > > A
then
K N N N 1 N-K-1

By_k(z|Py-K-1) = K——i—lE [ZJ(V—)K|Z](V—)K > T > Z.I(V—)K—l] TR 114 P
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which establishes the result for round N — K

Assume in round t that

K N N 1
-,:—E[”Z Z(]——§ ;
ulwipes) = w0 27 > 2> 2 —tr1 &t

We need to show that (,_;(x; ps—2) is as given in Proposition 2. The differ-
ential equation for round ¢t — 1 is

5;71(555 Pi2) = [ﬁt—l(ﬂptd) -

5t($|pt7275t—1(5ﬁlpt72))] )‘i\il(x)'
By the induction hypothesis

K
Bi(x; -2, Bi_1(7|Pi—2)) = N——H—lE [Z,(V]\QKIZfN) > > Zt(ivl)]
1 t—2
N—-t+1 (Zpl T ﬁt—1<x’pt2)> :
=1
Hence,
Not23  (g|pys) — E [Z(N) ZM > ¢ > Z@]
5271(5’73Pt72) = et V- Hl e ! )‘i\il(x)'
o t+1 Z 11’7Z
Multiplying both sides by (1 — F(2)) "2 yields -4 (@ (@lprs) (1 = F(z)N t+2> _
t—2
[—szjfl = KE 2002 > 2 > 2| | f(2) (1= F(a)*

By the Fundamental Theorem of Calculus and since F'(Z) = 1 then

! ijpi N
Btl(x|pt—2):/ [N——tl—l—l_KE [Z](V_)K|Zt( > >Z( )}

1 — F(g))N-tH1
£y L= F()
Since (to be established momentarily)

(1= Fa)™

ds.

N—t+2)(1—F(s)N "
E [Z“Vj ZM = s > Z“_V)} 5!
| B[22 ) 10 S
= B[20002) > 2> 2]
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then
K 1 =2
N N N
Bi1(z;pi2) = N_t12 (E [Z](V_)K|Zt(,1) > > Zt(,Q)} K lez>

which completes the proof.

Finally we establish the equality we just used. We have

z (N) | 7(N) (N) (N —t+2)(1— F(S))N—tﬂ
/’0 . [ZN_K|Zt -8z Zt_l] /() (1-— F(CIJ))N_t+2

L ([t iR PP oo
v (N— K —)IK![1— F(s)]¥

LN =t 2)f(5) (1= F()"
(1= F()"

/f (/Tr( (N—t+1)! [F(r)—F(s)]" "~ [1—F(r)]K> (N —t+2)f(r)f(s)dsdr

ds

N-K — t)'K' (1 _ F(x))N7t+2
- / RN G ) | N O e ) i e GO PP
z (N—K—t—i-l)!K! (1—F(x))N_t+2

E [Z](V]\QK|Zt(iV1) >z >z .0

Proof of Proposition 4.2: To save space we write 3, rather than 5,(z; p;_1).
At round t = N — K, the differential equation that characterizes equilibrium

behavior is

Z%(ea“ﬁﬁww(y—F@»K“):-@§folm)emwK+4yﬂ@(y_F@»K.

From the Fundamental Theorem of Calculus, e~(“&" An-x) (1—F(z)*t =

- (R [T 1) 56 0= P de+ O

At x = T, the LHS of the above equation is equal to zero and hence

cz<&Lng/%ﬂqK+nﬂ@u—ﬂ@%@.

0
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So

6_0‘(%6N7K) = (6% i ) fj ° (K i 1) f(S) <1 - F(S))de.
(1— F(x))

Taking logs of both sides we have

K+1 L [Tee (K1) f(s) (1— F(s)" ds 1 VK1
“oTg Py =l ( (1— F(a) >+O‘K 2y P
and hence

o K (et (KD () (- F(2)" dz
BN_K(xij?K?l) a O((K—i— 1)1 < (1 o F(.T))K+l )
1 N-K-1

TRl P

K oz N N
= e (Bl A > > 20))

1 N—K-1
K +1 Zi=1 bi
K 1 N-K-1

—mlﬂ (Div_k (2)) — K1 Di-

Next, we solve for the round ¢ — 1 bid function. Assume that in round
t < N — K, bidders follow the bid function

N —t Z
& N _ = ——1 DO[
Note that this implies that 87 (z; pi—2, By 1 (7; Pi—2)) =

N —t N |
_ml (D ( ) _t+1zp’ t_i_lﬁt 1( 7Pt72)-

After some manipulation, the differential equation for round t—1 from Propo-

sition 1’ can be written as
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d —t
% (e—a%_ti§5t71 (1 o F<x))N7(t71)+l>

= —erlwmm B D (@) (N — 1 4+2) (1= F@)" " f(@).
From the Fundamental Theorem of Calculus we have e~ ®~—+15t-1 (1— F(z))N -0+ =
- / et D) Do) P (V — £ 4 2) (1= F(s))Y " f(s)ds + C.
0
At x = 7, the LHS of the above equation is equal to zero and hence
C= / e (5= ZP) Do () W (N — £ 4 2) (1 — F(s)) V™ f(s)ds.
0

Rearranging yields 5,_;(x; pt—2) =

N

1 =2 N—t+1 [F D) i1 (N =t +2) (1 — F(2))N " f(2)dz
_N—t—|—2izlpi_(]\7—t+2)aln[ (l—F(x))N*tH

N—-t+1

t—2
1
- Ny TR e
N—t+2;p N —t+2)a 2P

where the second equality holds since

N—-t

a a N N—t+1 N N
Do) = | (D) T 120 > 0> 20 0
Proof of Proposition 5: Here we establish the inequalities for the goods
auction.
We show that fort = 1,..., N—K and p,_; that 87 (z; pi_1) > % (2; pi—1)
for x < . The proof is by induction. For t = N — K, since e¢” is a convex

function, then by Jensen’s Inequality, for x < z we have

_ A7) (N) (N) —az®) N N
Fl-o A5 20 ) < BleoZk 20 > 7 > 280
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Noting that the RHS is DS (z), taking the log of both sides, and then
multiplying through by —K/((K + 1) «) yields

K

K
N N o
K—_HE[ZJ(VAQK’ZJ(VJK > x> ZJ(VJKA] > —————In(Dy_g(2))

(K +1)a

Adding — N5 pi to both sides yields % (235 py-x-1) > B%_1 (25PN -1)
for x < 7.
For t < N — K, define

K (V)

N N
SUw) = = EAN 2 > 0> 20,

and .
20(z) = —— In (Dg(x)w%l) ,
(0

where Df'(x) is defined in Proposition P4.2. We have that

N—t
e_o‘zltl(x) = D?(J;) N—t+1

We established above that 3%, (z) > 3% (2).

Assume for t < N — K — 1 that X, (z) > X%, (z) for < Z. We show
that f(z) > X¢(x) for < Z. Since —aX},(z) < —aX®,(z) and €” is
increasing, then

_ 0 _ e} —
e (@) < 7B for o < 7,

or
—_aXx0 N—t—1 _
e ) < Do (2) 5 for x < 7,

Thus

N —

EleoSn @1z 5 p 5> 2™ < BD2 (212N > 2 > 2™ = D2 (a).

Since e is convex, then

eE‘[—aE?_H(ZgN))\Zt(N)>m>Zt(ivl)} < E’[e_azg+1(Z§N))|Zt(N) > > Zt(iv)]
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and hence
Pl (202 e 2N De(x).

Taking logs of both sides of this inequality yields

El-a¥? (2¢O 2N > 2 > 22N < In(Dg () .

Multiplying both sides by — - t +1 yields
N =)l = F)" ' f(2) K N) | (N N
50 (0 g - e L]
/x e R s el o &
N—t
T In(D%x)).
> TN —t+ e BPE@)

Adding — 5= Sl pi to both sides yields 82 (x;pi1) > B¥(z;pi_1) for
T <X
We now show that for each t = 1,..., N — K and p;_; that 5} (x; p;—1) >
v (z; pi—1) for x < Z. The proof is by induction. We first show 5% _ ;o (z; Py_K-1) >

VN—K(% pN—K—l)«
Since e < e~ for x < s < T then
DY _y(x) = E[e_O‘ZN K|Z(N)K > x> Z](V]\QK_l] < e

Taking logs of both sides and rearranging yields

K K
———  In(DY%

Adding — K+1 Z.A;Kfl pi to both sides yields BY _ g (z;Pi-1) > Ynv_k (T; PN-K-1)
for z < 7.

Assume for t < N — K — 1 that X2, ,(z) > Kz/(N —t) for < 2. Since
¥, 1 () is increasing, then for s > x we have X', (s) > 32, ,(z) > Kz /(N —t)
or —aXy, (s) < —aXy () < —aKz/(N —t) and thus

—t—1 x

(s )NNi—t < e (2) L K7

—aX¥ (s) _ Nno
e ™ = Diyy
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Hence

€T

ED, (20512 > 2> 2] = D2 (a) < ek,

Taking logs of both sides yields
In(D{(z)) < —aK ’
n(D; (x K,

and so
N —t Kz

—— In(Dy’ > —.
(Nt 1o MPH@) > v
Hence ¥¢(z) > Ka/(N —t + 1) for z < 7. Adding — >_'_} p; to each side
gives us

By (x;pe-1) > v (25 pi—1) for z < z. O

Proof of Proposition 6: We first show that ' (x; p;_1) is decreasing in .
The proof is by induction. Suppose & > «. Since the transformation y = &

is concave, then by Jensen’s inequality we have that

e

& 3 —azM N N
(Dhx(@)® = (Bl |2(0 > 2 > 20 )

> E[(e*dZJ(VN—)K> 1z > 2>z ]

= Dy_k(z)

for x < z. Taking logs and rearranging yields
Ja

1 N—-—K-1 K K
Lt 2 MDY (1) > —— i—————InD%_ ().
K+1 ; PR e MY k@) >~ 2P (K+Da ¥ k()

Hence, 8% (2 Pn-k—1) > B% s (2: DN_K_1).
Let

a 1 @ N—-t—1
() = _Eln (Dt () ~= > :
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Suppose 371 (7;p;) > B2, (z;pi) and hence X, (z) > X2, (z). We show
that 87 (z;pi—1) > B¢ (z;pi1). Jensen’s inequality and X%, (z) > S& ()
imply

follf~)

<E[e“"2?+1 2N 7N s ¢ > ZSB]) > Ele oSt @) 700 5 5 700
> Ele oSt @) 700 S 5 700

Simple algebra yields

) Nt oz (7 N N
> Nt In E[e*&Z?H(Zt(N)”Z(N) >z > Z(N)]
T p t—1
= X/(2)

and therefore that B8 (x; pi_1) > B%(2; Pi_1).
Next we prove that the lim, . 07 (2;pi—1) = 7;(2; pi—1). The bid func-

tion 3§ (x; ps—1) can be written as

o 1 a
6t(x;pt—1):_aln<D )~ t“) ZN—t—i—l

By the definition of D{(x) and iteratively applying Jensen’s Inequality we

obtain
. . . N_t_l . . .
Likewise, since y -1 is concave, repeating the same argument yields

D (x)¥i > Bl wia x|z > ¢ > 7). (7)

Thus we have

]_ —t 1 [e]
~In(Df (@) ¥77) > —In (Ble ¥k 200 > 2 > Z(N]).
(87 (0%

The round t equilibrium bid function therefore is bounded above by
o 1 __ak ,(N)
B7 (@ per) < ——n (E[e Wk | 7N s > 72O ) Z ~ —t+1
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By Proposition 5 we have that

Ye(z; Pe—1) < B7 (25 pe1)-

ok (V)
We complete the proof by establishing that lim, . —< In (E e~ RN K 1ZMN > 2>z ]) =
K

m,i.e.,
. ]_ f _ _aKz KI
llmaﬂoo—ahl /6 + h(S)dS = N——t—l—17
where
N—t+1)! [F(s)— F@) "1 - F(s)®
e = )P = P P

(N—-K—-t)K! [1— F(a)V

The result then follows from the squeeze theorem.

We now establish the above limit. Applying 'Hopital’s rule, this limit

equals
T
f e N t+1 )dz
li K z
Mg 00 Z
N — t + f _ alfi]_h d
Setting & = the desired result is equivalent to showing that

t+1

[ zemn(z)dz

hmdﬁoo z{f =x
f e %h(z
This was demonstrated in the proof of Proposition 6 of Van Essen and Wood-
ers (2016). Hence, we have that lim, .. 55 (z;pi—1) = — Zf;i N_lt“pi +
zK O
N—t+1°

18



